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These notes contain a brief introduction to the construction of 
toric Calabi-Yau hypersurfaces and complete intersections with a 
focus on issues relevant for string duality calculations. The last two 
sections can be read independently and report on recent results 
and work in progress, including torsion in cohomology, classifica- 
tion issues and topological transitions 



Introduction 

Toric geometry is a beautiful part of mathematics that 
relates discrete and algebraic geometry and provides 
an elegant and intuitive construction of many non- 
trivial examples of complex manifolds [1-6]. Sparked 
by Batyrev's construction of toric Calabi-Yau hyper- 
surfaces, which relates mirror symmetry to a combi- 
natorial duality of convex polytopes [7], toric geome- 
try also became a pivotal tool in string theory. It pro- 
vides efficient tools for the construction and analysis 
of large classes of models, and for computing quan- 
tum cohomology and symplectic invariants [8-11], fi- 
bration structures [12-15] for non-perturbative duali- 
ties [16-19], and lagrangian submanifolds for open string 
and D-brane physics [20-22]. F-theory compactifications 
[23,24], which are based on elliptic Calabi-Yau 4-folds, is 
maybe the most promising approach to realistic unified 
string models for particle physics [25], but also 3-folds 
with torsion in cohomology have been used for success- 
ful model building [26]. 

In the present notes we describe some tools that are 
provided by toric geometry and report on some recent 
results. Section 1. contains the basic definitions and con- 
structions of toric varieties, working mainly with the ho- 
mogeneous coordinate ring. In section 2. we recall the 
string theory context in which Calabi-Yau geometry be- 
comes important for particle physics and describe the 
toric construction of hypersurfaces and complete inter- 
sections. Section 3. explains fibrations and torsion in co- 
homology in terms of the combinatorics of polytopes. 
In section 4. we summarize recent results and work in 
progress and conclude with a list of open problems. 



1. Basics of Toric Geometry 

The (algebraic) n-torus is a product T = (C*)" of n co- 
pies of the punctured complex plane C* = C\{0}, which 
we regard as a multiplicative abelian group. It is hence a 
complexification of the real n-torus U(l) n . A toric vari- 
ety is defined as a (partial) compactification of T in the 
following sense: It is a (normal) variety X that contains 
an n-torus T as a dense open subset such that the nat- 
ural action of the torus T on itself extends to an action 
of T on the variety X. 

The beauty of the toric geometry comes from the fact 
that the data is encoded in combinatorial terms and that 
this structure can be used to derive simple formulas for 
sophisticated topological and geometrical objects. More 
precisely, the data is given by a fan E, which is a finite 
collection of strongly convex rational polyhedral cones 
(i.e. cones generated by a finite number of lattice points 
and not containing a complete line) such that all faces of 
cones and all intersections of any two cones also belong 
to the fan. 

The space in which E lives can be obtained as fol- 
lows [6]: If we parametrize the torus by coordinates 
(ti,...,*n) the character group M = {x ■ T — *• C*} 
of T can be identified with a lattice M = Z™, where 
rn G M corresponds to the character ■ ■ • , t n )) = 

t" 11 . . . <™" = t m . Another natural lattice that comes 
with the torus T can be identified with the group of 
algebraic one-parameter subgroups, N = {A : C* — > T} 
where u G N corresponds to the group homomorphism 
A"(t) = (t" 1 , . . . , r u ") G T for t G C*. The composition 
(x<jA)(t) = x(A(r)) = t^ x,x ' defines a canonical pairing 
(x"\ A") = m-u which makes N and M = Hom(iV, Z) a 
dual pair of lattices (or free abelian groups). The char- 
acters x m f° r m S M can be regarded as holomorphic 
functions on the torus T and hence as rational functions 
on the toric variety X. We will see that the lattice N, 
or rather its real extension N$> — N ®j_ IR = R n , is where 
the cones a G E of the fan live. 

We first construct the rays pj with j = 1, . . . ,r, i.e. 
the one-dimensional cones pj G E^ of the fan where 
the n-skeleton E^™) contains the n-dimensional cones of 
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£. Recall that divisors are formal linear combinations 
of subvarieties of X of (complex) codimension 1, i.e. of 
dimension n — 1. It can be shown that normality of X 
implies that the divisors div(x m ), i.e. the hypersurfaces 
defined by the equations x m = 0, are equal to sums 
^2i a jDj for some finite set of irreducible divisors Dj. 
Like div(x m ) the Dj are T-invariant and hence unions 
of complete orbits of the torus action. The coefficients 
a,j(m) are unique so that the decomposition divx" 1 = 
^2 ajDj defines linear maps m — > a,j(m) — (m, Vj). The 
irreducible divisors Dj hence define vectors Vj G N for 
j < r with aj{m) = (m,Vj). These vectors are the 
primitive generators of the rays pj that constitute the 
1-skeleton of the fan S. If we locally write the equa- 
tion of the divisor as Dj = {zj = 0} with Zj a section 
of some local line bundle then we can write the torus 
coordinates, with appropriate choice of normalizations, 
as ti = n^ 6 " 1 ^ on some dense subset of T C X. 

1.1 Homogeneous coordinates 

We now regard {zj} as global homogeneous coordinates 
(zi : . . . : z r ) in generalization of the construction of the 
projective space P™ as a C*-quotient of C" +1 \ {0} via 
the identification (z : . . . : z n ) = (Xz : . . . : Xz n ). If all Zj 
are non-zero then the coordinates 

{X qi Zl : ... : X^zr) ~ (zi : ... : z r ), A G C* (1) 
describe the same point of the torus T with coordinates 

ti = n*j""* > € T = X\\jD J (2) 

if 1j v j — 0' where Vj are the generators of the rays 
Pj G £^ of the fan S. Since the vectors Vj G N be- 
long to a lattice of dimension n the scaling exponents 
{qj} G Z s<1> = Z r in the identification (1) are restricted 
by n independent linear equations. Naively we therefore 
might expect that the toric variety X can be written as 
a quotient (<C r \ Z) / (C*) r ~", where {(zj)} = C r \ Z 
is the set of allowed values for the homogeneous coor- 
dinates and the (C*) r_ "-action on {(zj)} implements 
the identification (1) with J2 ( lj v j — 0- The identifica- 
tion group corresponds, however, to the kernel of the 
map {zj) -> (U = n^ 6 *'"^) for (zj) G (C*) r . If the vj 
do not span the TV-lattice, i.e. if the quotient 

G£*JV/(span z {t;i,...,tv}) (3) 

is a finite abelian group of order \G\ > 1, then this ker- 
nel is (C*) r /(C*)™ = (C*) r_ ™ x G and contains a discrete 
factor G. The toric variety X can hence be constructed 



in terms of homogeneous coordinates Zj , an exceptional 
set Z C C r , and the identification group (C*) r ~™ x G as 

X = (C r -Z)/((C*) r - n xG), (4) 

where the quotient can be shown to be "geometrical" if 
the fan £ is simplicial [27] (cf., however, example 2 be- 
low) . For a given set of generators Vj G R" of the rays 
Pj G X^ 1 ) we can construct different toric varieties by 
choosing different lattices N C R n that contain the Vj as 
primitive lattice vectors. These are all abelian quotients 
of the variety for which N is the integral span of {vj}. 

The last piece of information that we need is the ex- 
ceptional set Z. The limit points (zj) G X \ T = (J Dj 
that are added to T are determined by the conditions un- 
der which homogeneous coordinates are allowed to van- 
ish. This is where the information of the fan S enters: A 
subset of the coordinates Zj is allowed to vanish simul- 
taneously iff there is a cone a G S containing all of the 
corresponding rays pj. In geometrical terms this means 
that the corresponding divisors Dj intersect in X. The 
exceptional set Z hence is the union of sets 

Z I = {(z 1 :...:z r )\z j =0Vj€l} (5) 

for which there is no cone cr G £ such that pj C a for all 
j G /. Minimal index sets / with this property are called 
primitive collections. They correspond to the maximal 
irreducible components of Z — [J Zj. 

1.2 Torus orbits 

In terms of homogeneous coordinates the torus action 
amounts to the effective part of the (C*) r action induced 
on the quotient (4) by independent scalings of Zj and 
thus extends from T to X . The torus orbits into which 
X decomposes are hence characterized by the index sets 
of the vanishing coordinates. It can be shown [3] that the 
torus orbits O a are in one-to-one correspondence with 
the cones a G S, where O a ^ (C*)"- dim<T is the inter- 
section of all divisors Dj for pj C a with all complements 
of the remaining divisors. The orbit O a is an open subva- 
riety of the orbit closure V a , which is the intersection of 
all divisors Dj for pj C a and which also has dimension 
n — dim a. 

Further important sets are the affine open sets U a , 
which are the intersections of all complements X \ Dj 
with pj g and which provide a covering of X. The 
relations between these sets can be summarized as 

V a = O t , U a =\JO r , X=\J U a , (6) 

lOcr tC<t ctGS 
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Fig. 1: The Hirzebruch surface F2 as blowup of WP211. 

where V a and U a are disjoint unions and the last union 
can be restricted to a covering of X by the IVs for maxi- 
mal cones a. In the traditional approach [1-4] a toric va- 
riety X is constructed by gluing its open affine patches 
U<j along their intersections 



u (T nu T = u anT DT = u {0} . 



(7) 



The patches U„ are constructed in terms of their rings of 
regular functions, which are generated by the characters 
X m that are nonsingular on the relevant patch. Since 
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(m,Vj ) 



(8) 



the relevant exponent vectors to £ M are the lattice 
points in the dual cone 



cr v = {x G M R : > V v e a}. 



(9) 



More abstractly, the semigroup algebra A a = C[cr v DM] 
of the semigroup cr v R M is, by definition, the ring of 
regular functions on U a , so that the points of U a can be 
obtained as the spectrum Specm(A cr ) of maximal ideals. 
The Zariski topology of U a can be constructed in terms 
of the prime ideals and the gluing can be worked out by 
relating the characters in different patches (cf. example 
2 below). We now state two important theorems [1-4]: 

Theorem 1 : A toric variety is compact if and only if the 
fan is complete, i.e. if the support of the fan covers the 
TV lattice |S| = [j^a = N R . 

We prove the only if. For an incomplete fan we con- 
sider some u G N \ |E| and a one-parameter family of 
points p\ = (X Ul t 1 , . . . , X Un t n ) G T. Evaluation of x™ 
yields x" l (px) = \ < > m ' u ^X m (Pi)- But the limit point p\^a 
cannot be contained in any patch U a because x m (Px) di- 
verges as A — ► for to G cr v and u g" a so that (to, u) < 0. 

Theorem 2: A toric variety is non-singular if and only 
if all cones are simplicial and basic, i.e. if all cones er G £ 
are generated by a subset of a lattice basis of N. 

To illustrate these theorems we work out two examples: 

Example 1: The Hirzebruch surface 

Hirzebruch surfaces F„ are P 1 bundels over P 1 that can 
be defined by vq = (0,-1), vi = (1,0), V2 = (— 1,ti) 






(2a) (2b) (2c) 

Fig. 2: Toric desingularizations of the conifold. 

and ^3 = (0,1), with linear relations vq + v% = 0, 
nvo + v\ + v 2 — and scaling parameters (1 and A as 
shown in figure 1. 

We consider the case n = 2. If we drop the vertex 
V3 the fan would consist of 3 cones and we obtain the 
weighted projective space WP211 with scaling weights 
(2, 1, 1). This space is singular because the cone spanned 
by (vi,V2) has volume 2. Indeed, if we drop the coor- 
dinate w and set = 1 then (1 : : 0) is a fixed point 
of the C* identification for A = — 1, i.e. we have a Z 2 
quotient singularity. The Hirzebruch surface F 2 is a de- 
singularization of this surface corresponding to a subdi- 
vision of the cone (vi,v 2 ) into two basic cones (vi,v 3 ) 
and (v 3 , v 2 ). The exceptional set is accordingly modified 
to Z = {z = w = 0} U {z\ = z 2 = 0}. We can now 
consider two cases: If w ^ then fj, = 1/w scales w to 
w = 1. This yields all points (zq : Z\ : z 2 : 1) = (zq :z\:z 2 ) 
of WP211 except for its singular point (1:0: 0), which 
is excluded due to the subdivision of the cone (vx,V2) 
by U3 . If w = we can scale zq ^ to zq = 1 and find 
(1 : z\ : Z2 ■ 0) G F2. We thus observe that the singular 
point has been replace by a P 1 with homogeneous coor- 
dinates (zi : z 2 ). This process of replacing a point by a 
projective space is called blow-up. In the present exam- 
ple it desingularizes a weighted projective space. It can 
be shown [3] that all singularities of toric varieties can 
resolved by a sequence of blow-ups that correspond to 
subdivisions of the fan. 

Example 2: The conifold singularity 

According to theorem 2 the second source of singularities 
is nonsimplicity of a cone, which is only possible in at 
least 3 dimensions. We hence consider a quadratic cone 
a as displayed in figure 2b with generators 
V = (1,0,0), V! = (0,1,0), v 2 = (1,0,1), u 3 = (0,1,-1) 
and relation J2 Qi v i = with q = (1, 1, —1, —1) so that 

(z : zi : z 2 : z 3 ) = (Az : Az x , \z 2 : ±2:3), (10) 

or AT = P(l, 1,-1,-1). The dual cone er v has generators 
too = (1 , 0, 0) , toi == (0, 1 , 0) , to 2 = (0, 1 , 1) , TO3 = (1,0, 1) . 
According to (8) the coordinate ring A a is generated by 

(11) 
(12) 



x = x mo = z a z 2 , 

U = x" 12 =Z!Z 2 , 



y = x mi = Z1Z3, 

v = x m:i = z z 3 , 
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which are regular, invariant under the scaling (10) and 
obey the relation xy = uv. Hence A a = C[ct v n M] = 
C[x,y,u,v]/ (xy — uv) and X = U a can be identified with 
the hypersurface xy = uv in C 4 , which has a "conifold 
singularity" at the origin. As shown in figure 2 the cone 
a can be triangulated in two different ways. In the first 
case a a = (vo,V2,V3), up = (v\,V2,v 3 ) and the dual 
cones are = (m a ,mo,ma), o~p = (mp, mi, m-z) with 
m a = —mp = (— 1, 1, 1) so that we obtain the algebras 

A a = C(m a ,m 0l m 3 ) 3 {zi/zq, x = z z 2 , v = z z 3 ), (13) 
Ap = C(mp,m2,mi) 3 {z /zi, u = ziz 2 , y = ziz 3 ). (14) 

With the exceptional set Z = {z = zi = 0} we observe 
that the singular point x = y = u = v = Q has been 
replaced by a P 1 B (z : zi) and the transition functions 
show that X[ CTq CT(3 } can be identified with the total space 
of the rank two bundle 0(-l)®0(-l)^P 1 . The read- 
er may verify that the homogeneous coordinates work 
straightforwardly (geometrical) in the simplicial cases 
(2a) and (2c). In the non-simplicial case (2b) the quo- 
tient (4) has to be taken in the "GIT-sense" [27] because 
all C* orbits (Az : Xz x : : 0) and (0 : : \z 2 : jz 3 ) 
map to the tip G U a of the conifold (the categori- 
al quotient of geometric invariant theory (GIT) involves 
the dropping of "bad" orbits). 

The two toric resolutions correspond to blowups re- 
placing the singular point by two different P^s (which 
topologically are 2-spheres S 2 ). We can hence go from 
one "small resolution" to the other via the conifold by 
blowing down the P 1 to a point and blowing up that 
point in a different way. This is called a flop transition. 

There is also a non-toric possibility to resolve the 
singularity by deforming the hypersurface equation to 
xy — uv = e. Topologically this amounts to replacing the 
singularity by a 3-sphere S 3 . This can be seen as follows: 
By a linear change of variables {^p, ^f 1 } {i l wi} we 
can write the deformed conifold equation as Ya=i w f = 
e. With wi = ai + ibi its real and imaginary part become 

= £ + ^ a; 6 ( = . (15) 

l<4 l<4 l<4 

For e > the four real variables a' k = a^j y/ e + X)/ hf 
parametrize a 3-sphere and the bk with J2i a 'i^i = 
parametrize the fibers of the cotangent bundle T*S 3 . 
The topology change between the small resolution and 
the deformation is called conifold transition. 

1.3 Line bundles 

The conifold is the standard example of a non-compact 
(local) Calabi-Yau geometry. A compact toric varieties, 



on the other hand, never have c\ = 0. We will hence 
not only be interested in toric varieties themselves but 
also in hypersurfaces or complete intersections thereof, 
which under appropriate conditions are smooth Calabi- 
Yau spaces. Their defining equations will be sections of 
non-trivial line bundles. The relevant data of these bun- 
dles is the transition functions between different patch- 
es. This data is closely related to the topological data of 
Cartier divisors, which by definition are locally given in 
terms of rational equations f a = with f a /fp regular 
and nonzero on the operlap of two patches. Since mul- 
tiplication by a rational function does not change the 
line bundle we are interested in divisors classes with re- 
spect to linear equivalence, i.e. modulo addition of prin- 
cipal divisors div(/), which are the divisors of rational 
functions f. Cartier divisor classes hence determine the 
Picard group Pic(A) of holomorphic line bundles. 

Finite formal sums of irreducible varieties of co- 
dimension one are called Weil divisors (which may not 
be Cartier, i.e. locally principal, on singular varieties). 
On a toric variety it can be shown that the Chow group 
A n _x(X) of Weil divisors modulo linear equivalence is 
generated by the T-invariant irreducible divisors Dj 
modulo the principal divisors div(x™) with m £ M, i.e. 
there is an exact sequence 

-► M -> Z s<1> -> An-iiX) -> (16) 

where M 3 m — > ((m,Vj )) £ Z s and Z s 9 (aj) -> 
X a,jDj , The Chow group A n -i(X) hence has rank r—n. 
It contains the Picard group as subgroup, which is tor- 
sion free if As is compact [3] . 

A Weil divisor of the form D = J2 a j^j ls Cartier, 
and hence defines a line bundle O(D) £ Pic(A), if there 
exists an m a £ M for each maximal cone a £ E such 
that (m a ,Vj) = —a,j for all pj £ a. The transition func- 
tions of 0{D) between the patches U a and U T are then 
given by ~^ m "- m ^ . If X is smooth then all Weil divisors 
are Cartier. For a simplicial fan kD is Cartier for some 
positive integer k. For Cartier divisors the S-piecewise 
linear real function ^ on Air defined by 

= ( m a-,v) for v £ a (17) 

is called support function. If A is compact and D = 
^2a,jDj Cartier then O(D) is generated by global sec- 
tions iff the support function tpD is convex and D is 
ample iff ipn is strictly convex, i.e. if (m,j,Vj) > —a.j for 
dim a = n and pj <jt a. For convex support functions 

A D = {m6M| ! :(m,tij)>-a i V j<r} (18) 
= {m G M R : (m,u) > ip D (u) V u £ N} (19) 
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defines a convex lattice polytope Ajy C Mr whose lat- 
tice points provide the global sections of the line bundle 
O(D) corresponding to the divisor D (the first equali- 
ty defines Ad also if D is not Cartier). In particular, 
AkD = kAo and Arj + div(x m ) = Ar>— to so that the poly- 
tope can be translated in the M lattice without changing 
the divisor class and the transition functions. 

In terms of the polytope (18) D is generated by global 
sections iff A_d is the convex hull of {m a } and D is am- 
ple iff Ac is n-dimensional with vertices m a for a G 
and with m a ^ m T for a ^ r G YS n >. In the latter case 
there is a bijection between faces of Ad and cones in S 
or, more pricisely, S is the normal fan of Ad: By defini- 
tion the cones a T of the normal fan Ea of a polytope A 
are the dual cones of the cones over A — x where x G Mr 
is any point in the relative interior of a face t C A, If 
G M is in the interior of A, as can always be achieved 
by a rational translation of A by 5x G Mq, then the 
normal fan Ea coincides with the fan of cones over the 
faces of the polar polytope A C N$> defined by 



{yeN R : (x,y)>-l Vx G A}. 



(20) 



On smooth compact toric varieties it can be shown that 
every ample T-invariant divisor is very ample. The sec- 
tions x™ of such an 0{D) hence provide an embedding of 
X s into P^ -1 via (x mi X mK ) where K = |A D fW| 

is the dimension of the space of global sections of 0{D). 
A toric variety Xy therefore is projective iff E is the 
normal fan of a lattice polytope A C Mr [2,3]. 

Summarizing, the equations defining Calabi-Yau hy- 
persurfaces or complete intersections will be sections of 
line bundles 0{D) given by Laurent polynomials 



/ 



E 

raeA D nM 



c mX 



E ■ 

meA D (lM 



n 



{m,Vj ) 



(21) 



whose exponent vectors to span the convex lattice poly- 
topes Ac C Af|R defined in eq. (18). In an affine patch 
U a the local section f a = / /x m " is a regular function 
fa G A<j because Ad — m a C er v . 

1.4 Intersection ring and Chern classes 

If a collection pj 1 , . . . , pj k of rays is not contained in a 
single cone then the corresponding homogeneous coordi- 
nates Zj l are not allowed to vanish simultaneously and 
the corresponding divisors Dj l have no common inter- 
section. For the intersection ring we hence expect the 



non-linear relations Ri = Dj 1 



D, 



0, where it is 



sufficient to take into account the primitive collections 
I = {ji . . .jk} as defined by Batyrev, i.e. the minimal 
index sets such that the corresponding rays do not all 



belong to the same cone (cf. the definition of the ex- 
ceptional set Z = (J Zj in section 1.1). The ideal in 
Z[Di, . . . , D r ] generated by these Ri is called Stanley- 
Reisner ideal J, and Z[Z?i, . . . , D r ]/J is the Stanley- 
Reisner ring. 

The Chow groups Ak(X) of a variety X are generat- 
ed by fc-dimensional irreducible closed subvarieties of X 
modulo rational equivalence by divisors of rational func- 
tions on subvarieties of dimension k + 1. For an arbitrary 
toric variety Xy, it can be shown that Ak{X) is gener- 
ated by the equivalence classes of orbit closures V a for 
cones a G . The intersection ring of a non-singular 

compact toric variety Xy, is [1] 

A*(X S ) = Z[£>!, . . . , D r ] /(R I} £ 3 .(m, v^Dj) (22) 

(for a definition of the intersection product see [3]). 
The intersection ring can hence be obtained from the 
Stanley-Reisner ring by adding the linear relations 
J2j (to, Vj)Dj ~ 0, where it is sufficient to take for to a set 
of basis vectors of the M-lattice. The Chow ring also de- 
termines the homology groups H2k(X-£,J_) = Ak{X,J_). 
These results actually generalize to the simplicial pro- 
jective case with the exception that one needs to admit 
rational coefficients [2,3]. In particular, for a maximal- 
dimensional simplicial cone a spanned by v^,..., Vj n the 
intersection number of the corresponding divisors is 

D h -...-D jn = l/VohV) (23) 

where Vol(cr) is the lattice-volume (i.e. the geometrical 
volume divided by the volume 1/n! of a basic simplex). 

Having discussed the cycles we not turn to differen- 
tial forms. The canonical bundle of a non-singular toric 
variety can be obtained by considering the rational form 



dx\ 



■n 



A 



(24) 



which by an appropriate choice of the orientation (i.e. 
the order of the local coordinates Xi in the affine patch- 
es) is a rational section of O^- . This implies 



x 



Ox(- E Di) 



(25) 



and for the canonical divisor —D = — E Dj. The com- 
putation of the total Chern class requires an expression 
for the (co)tangent bundle, for which there is an exact 
sequence 

- 0^ -> n x (logD) ^ fyOiDj) (26) 
where fl\(\ogD) turns out to be trivial and the residue 



map takes u> = E/j & z il 1 



>fj\ 0j [3]. 



A calculation 



yields the total Chern class of the tangent bundle 



c(Tx) = n r 1 a+D ] ) = E 



ueA 



Va 



(27) 
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and the Todd class 

td(Tx) = IIi T=5§t=BD = 1 + ^ Cl + A c ' c 2 + ■ ■ ■ (28) 

The first Chern class Ci = £ is positive for compact 
toric varieties, but it vanishes for the conifold because of 
the linear relations D + D 2 ~ 0, D\ + D 3 ~ and £?i ~ 
D 3 . (Implications for volumes and numbers of lattice 
points can now be derived by applying the Hirzebruch- 
Riemann-Roch formula \{X,E) = j ch(E) Td(X) to 
the case of line bundles of Cartier divisors as described, 
for example, in the last chapter of [3].) 

1.5 Symplectic reduction 

There is another approach to toric geometry in terms of 
symplectic instead of complex geometry, which is impor- 
tant because, in addition to the complex structure, we 
will also need a Kahler metric. Moreover, the symplectic 
approach can be given a direct physical interpretation 
in terms of supersymmetric gauged linear sigma mod- 
els [28]. The idea is that the C*-quotient can be per- 
formed in two steps: We first divide out the phase parts, 
which amount to compact U(l) quotients, and then - 
instead of a radial identification - fix the values of ap- 
propriate "radial" variables to certain sizes t a that will 
parameterize the Kahler metrics. 

In order that the quotient inherits a Kahler form (and 
hence a symplectic structure) from the natural Kahler 
form on C" 

w = i dzj A dzj = 2 ^ dxj A dyj = dr? A dtpj, (29) 

with z = x + iy = re zv we use the symplectic reduct- 
ion formalism. This requires that the G-action is hamil- 
tonian, i.e. given by a moment map pi : C r — ► g* to the 
dual q* of the Lie algebra q of G — U(l) r ~ n such that 
the hamiltonian flows defined by fi generate the infinites- 
imal G-transformations. Then the symplectic reduction 
theorem guarantees that the restriction of the image of 
the moment map to fixed values t a for a = 1, . . . , n — r 
induces a symplectic structure on the quotient of the 
preimage [i~ 1 (t a )/G for regular values of ta- 
in toric geometry we consider the moment maps 

Ma = £,-<?j a) N 2 with EjQj a) Vj = (30) 
With lu~ x ~ g^- A t^- the corresponding hamilto- 
nian flows uj~ 1 (pL a ) ~ Ylj Qj^ aE~ generate the compact 
subgroups of the C* actions of the homomorphic quo- 
tients (4) . In the gauged linear sigma model [28] the 
are the charges of r chiral superfields Zj under a £/(l) r ~" 
gauge group and the moment maps jjL a are D-terms in 



the superpotential. The imaginary parts of the complex- 
ified radii t a thus correspond to 0-angles. 

Under the symplectic reduction the holomorphic re- 
form fl = II^ 2 "' 011 C descends to a holomorphic n- 
form iff it is invariant under the group action, i.e. if 
J2j Qj^ = for all a < r — n. These equations can be in- 
terpreted as U(l) gauge anomaly cancellation conditions 
in the linear sigma model [28]. Since the existence of a 
holomorphic rt-from on X-^ is equivalent to c\ = we 
thus obtain a simple form of the Calabi-Yau condition 
(cf . the vanishing of J2j 1j f° r the conifold) . 

Instead of the linear combinations (30) we can con- 
sider all moment maps fXj = \zj\ 2 , whose flows are phase 
rotations of the homogeneous coordinates Zj . After the 
symplectic reduction the effective part Q = U(i) n of this 
£/(l) r -action yields the compact part of the torus action 
Q <ZT . The image of the corresponding momentum map 
is a convex polytope, the Delzant polytope A(t a ), whose 
corners correspond to fixed points of Q. Since the Lie al- 
gebra g of Q can be identified with the the real extension 
of the -/V-lattice A(t a ) is a polytope in g* = Mr. 

Example 3: For the projective space P™ all qj = 1 
and with t a = r 2 we obtain the symplectic quotient 
as {|z | 2 + • ■ • + \z n \ 2 = r 2 }/U(l). The value t a = r 2 
of the moment map of the symplectic reduction hence 
parametrizes the size of the projective space. The image 
of the moment map for G C T on the resulting toric va- 
riety is the simplex {ti > 0, r 2 — Y^i U — *o > 0} C Mr 
whose faces of codimension k correspond to the vanish- 
ing of k moment maps ti and hence to fixed points of 
a U(l) k subgroup of Q. The fan of the toric variety P" 
is the normal fan of A. We thus can construct P" as 
a (compact) torus fibration over a polytope A £ R n 
whose fibers degenerate to lower-dimensional tori over 
the faces of A. This fibration structure has been used 
by Strominger, Yau and Zaslow [20] for an interpreta- 
tion of mirror symmetry as T-duality on a torus-fibered 
Calabi-Yau manifold. 

Example 4: As a non-compact example we consider 
the conifold whose Kahler metric is parametrized by 
t = \x \ 2 + |xi| 2 - \x 2 \ 2 - \x 3 \ 2 . Obviously t = is a 
singular value, while for t = ±e 2 — > the size e of one of 
the blown-up P^s shrinks to 0. Regular values of the mo- 
ment maps t a lead to a smooth symplectic quotient and, 
in particular, to a (projective) triangulation of the fan. 
The corresonding smooth Kahler metric is parametrized 
by the r — n values t a , which can be interpreted a sizes of 
certain two-cycles, in accord with the dimension r — n of 
H2(Xs). The regular values correspond to open cones of 
the secondary fan, which parametrizes the Kahler mod- 
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uli spaces and whose chambers are separated by walls 
that correspond to flop transitions [29] between differ- 
ent smooth phases (in the physicist's language [28]). At 
the transition a cycle shrinks to a point that is blown up 
according to a different triangulation £a(£) on the other 
side of the wall [29]. 

2. Strings, geometry and reflexive polytopes 

At observable energy scales string theory leads to an ef- 
fective theory that corresponds to a 10-dimensional su- 
pergravity compactified on a 6-dimensional manifold K, 
At small distances space-time hence looks like A/4 x K, 
where M4 is our 4-dimensional Minkowski space, as long 
as quantum fluctuations of the metric are sufficiently 
small to allow for a semiclassical geometrical interpreta- 
tion. 

For phenomenological reasons we usually require that 
supersymmetry survives the compactification, which im- 
plies the existence of a covariantly constant spinor V77 = 
on the internal manifold K. In the simplest situation 
RR background fields and the B field vanish. Cande- 
las, Horowitz, Strominger and E. Witten [30] showed 
that this implies that K is a complex Kahler manifold 
with vanishing first Chern class. (The inclusion of B 
fields was already discussed in a beautiful paper by Stro- 
minger [31], but RR fluxes were largely for a long time 
until their importance for moduli stabilization in type II 
theories was recognized [32]. The investigation of their 
geometry lead to the beautiful new concept of general- 
ized complex structures [33-35].) Explicitly, the Kahler 
form uj and the holomorphic 3-form Q, of the Calabi-Yau 
can be constructed in terms of n as 

Wij = iT? + 7[i7j]^ ^ ~ vh[Hjlk]V, (31) 

and the integrability condition iVy* = for the com- 
plex structure Ji = WijCp 1 with the Nijenhuis tensor 
Nij k = .tidiJ* - J 1 l diJ l k - diJj l Ji k + d r h l ,h k is a 
trivially satisfied for the torsion-free metric-compatible 
connection that stabilizes 77 = 0. 

The condition c\ = 0, which is equivalent to the ex- 
istence of a holomorphic 3-form fl, has been conjectured 
by Calabi and proven by Yau to be also equivalent to 
the existence of a Ricchi-flat Kahler metric, so that the 
vacuum Einstein equations are satisfied. 

In the standard construction of anomaly free heterot- 
ic strings with gauge group E§ it turns out that charged 
particles and anti-particles show up in conjunction with 
elements of the Dolbeault cohomology groups H 11 and 
H , respectively. While H 11 parametrizes the Kahler 



metrics, H 21 can be related to complex structure defor- 
mations via contraction with the holomorphic 3-form, 
Q^v\8J X p G H 21 . Since exchange of particles and anti- 
particles, as well as the corresponding sign of a U(l) 
charge in the sigma model description of the Calabi- 
Yau compactifications, are mere conventions, physicists 
came up with the idea of mirror symmetry [36], which 
was used by Candelas et al. [37] to construct a mirror 
map between the Kahler and complex structure moduli 
spaces of a Calabi-Yau manifold X and its mirror dual 
X*, whose topologies are related by 

hn(X) = h 21 (X*), h 2 i(X) = h n (X*). (32) 

The power series expansions of this map could be in- 
terpreted as instanton corrections in the quantum theo- 
ry, and thus lead to a prediction of numbers of rational 
curves [8,9]. 

2.1 Toric hypersurfaces 

The beauty of the toric construction of Calabi-Yau 
spaces is based on the fact that it relates mirror sym- 
metry to a combinatorial duality of lattice polytopes, 
as was discovered by Batyrev [7]. He showed that the 
Calabi-Yau condition for a hypersurface, i.e. the vanish- 
ing of the first Chern class, requires as a necessary and 
sufficient condition that the polytope A rj C Mj> of the 
line bundle O(D) whose section defines the hypersurface 
is polar to the lattice polytope A* = A^ C N$> where 
A* is the convex hull of the generators Vj of the rays 
Pj £ of the fan of the ambient toric variety X^. 
A lattice polytope whose polar polytope (20) is again a 
lattice polytope is called reflexive. Batyrev also derived 
a combinatorial formula for the Hodge numbers 

h n (X A ) = h 2 ,i(X A o) = l(A°) - 1 - dim A (33) 
- Yj l*{9°)l*(9) 

codim(e°) = l codim(0°)=2 

where 9 and 9° is a dual pair of faces of A and A , re- 
spectively. 1(9) is the number of lattice points of a face 
9, and I* (9) is the number of its interior lattice points. 
Mirror symmetry now amounts to the exchange of A 
and A° and the formula for the Hodge data makes the 
topological duality (32) manifest. 

The formula (33) has a simple interpretation: The 
principal contributions to hu come from the toric divi- 
sors Dj that correspond to lattice points in A different 
from the origin. There are dim(A) linear relations among 
these divisors. The first sum corresponds to the sub- 
traction of interior points of facets. The corresponding 
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Fig. 3: All 16 reflexive polygons in 2D: The first 3 dual pairs are maximal/minimal and 
contain all others as subpolygons, while the last 4 polygons are selfdual. 



divisors of the ambient space do not intersect a gener- 
ic Calabi-Yau hypersurface. Lastly, the bilinear terms 
in the second sum can be understood as multiplicities 
of toric divisors and their presence indicates that only 
a subspace of the Kahler moduli is accessible to toric 
methods. 

hn +hi2 < 502 




Fig. 4: Hypersurface spectra for hn <hi2- The maximal 
hn + hi 2 comes from (251,251) and (491,11). 

The enumeration of all reflexive polytopes has been 
achieved by Batyrev for the two-dimensional 
shown in figure 3, many years ago. In dimensions 3 and 
4, which are relevant for K3 surfaces and Calabi-Yau 
3-folds, respectively, the enumeration required extensive 



use of computers and was achieved in [38,39] and [40,41], 
respectively. The code was later included into the soft- 
ware package PALP [42], which can be used for the re- 
construction of the data as well as for many other pur- 
poses like the analysis of fibrations and integral cohomol- 
ogy (see section 3.), as well as the construction of higher- 
dimensional examples. All results can be accessed on the 
web page [43] and we just note that the numbers of re- 
flexive polytopes in 3d and 4d are 4319 and 473 800 776, 
respectively. The resulting 30108 different Hodge data of 
3-folds amount to 15122 mirror pairs as shown in figure 
4. 

2.2 Complete intersections 

Soon after the hypersurface case Batyrev and Borisov 
discovered another beautiful combinatorial duality that 
corresponds to mirror symmetry of toric complete in- 
tersections [44]. In this generlization two polar pairs of 
reflexive lattice polytopes are involved with the defining 
conditions summarized in the following equations, 



A = A! + ... + A r A° = (Vi,. 

(Aj.Vm) > -hm 
V° = (Ai,...,A r ) CO nv V = Vl+. 



,V r ) c 



(34) 



where r is the codimension of the Calabi-Yau and the 
defining equations fi = are sections of C(A, ). The de- 
composition of the M-lattice polytope A C Mr into a 
Minkowski sum A = Ai + . . . + A r is now dual to a 
NEF (numerically effective) partition of the vertices of 
a different reflexive polytope V C Nr such that the con- 
vex hulls Vi of the respective vertices and £ N only 
intersect at the origin [5,44]. 

The Hodge numbers h pq of the corresponding com- 
plete intersections have been computed and shown to 
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obey (32) in [45]. They are summarized for arbitrary 
dimension n — r of the Calabi-Yau in a generating poly- 
nomial E(t, t) as 

£(M~) = ^(-l) p+<3 ■h pq PP (35) 

. , (\PxfPy f 

= E ( -^s(c x ,-)s(c;,tt)Bj(t~\t) 

I=[x,v] 1 ' 

in terms of the combinatorial data of the n + r dimen- 
sional Gorenstein cone r({Aj}) spanned by vectors of 
the form (ei,v), where is a unit vector in R r and 
v £ Ai. In this formula x, y label faces C x of dimen- 
sion p x of r({V;}) and C% denotes the dual face of the 
dual cone of r({A,}). The interval I = [x,y] labels all 
cones that are faces of C y containing C x . The Batyrev- 
Borisov polynomials Bj(t,t) encode certain combina- 
torial data of the face lattice [45]. The polynomials 
S(C x ,t) = {1-ty* J2 n>0 t n l n (C x ) of degree p x -l are re- 
lated to the numbers l n {C x ) of lattice points at degree n 
in C x and hence to the Ehrhart polynomial of the Goren- 
stein polytope generating C x . (The Gorenstein polytope 
Ac consists of the degree 1 points of a Gorenstein cone 
C . In the hypersurface case r = 1 and Ac = A = Ai.) 

Without going into details let us emphasize that the 
formula (35) contains positive and negative contribu- 
tions whose interpretation in terms of individual con- 
tributions from toric divisors Dj is, in contrast to the 
hypersurface formula (33), unfortunately unknown. In 
additional to efficiency problems in concrete calculations 
(the formula is implemented in the nef-part of PALP [42], 
but becomes quite slow for codimension r > 2) this en- 
tails important theoretical problems, which we will com- 
ment on below. 

3. Fibrations and torsion in cohomology 

Fibration structures play an important role in string the- 
ory, like e.g. in heterotic-type II duality [10,16-18], F- 
theory [23-25], but also for the construction of vector 
bundles in heterotic compactifications where they are of- 
ten combined with non-trivial fundamental groups [26]. 
We now discuss how these topological properties mani- 
fest themselves in combinatorial properties of the poly- 
topes that define toric Calabi-Yau varieties. 

3.1 Torsion in cohomology 

We begin with a discussion of the fundamental group, 
which is trivial for every compact toric variety [1] but 
may become non-trivial for hypersurfaces and complete 



intersections. We first need to discuss smoothness condi- 
tions and focus on the hypersurface case. If we consider 
the normal fan of a reflexive polytope A C Mr then Xy, 
will generically have singularities which have to be re- 
solved if they have positive dimension while point-like 
singularities can be avoided by a generic choice of the 
hypersurface equation. The resolution can be performed 
by the choice of a convex (or coherent) triangulation of 
the fan Ea [10, 29, 46] whose rays should consist of all 
rays over lattice points of A (this amounts to a maximal 
star triangulation of A°; rays of lattice points in N \ A 
would contribute to c\ and hence destroy the Calabi-Yau 
condition if the corresponding divisors intersect the hy- 
persurface) . For K3-surfaces such a triangulation already 
leads to a smooth toric ambient space because reflexivi- 
ty implies that the facets are at distance one and every 
maximal triangulation of a polygon consists of basic sim- 
plices. For CY 3-folds only the codimension-two cones of 
the triangulation are basic while maximal-dimensional 
cones may contain pointlike singularities. This is still 
o.k. because pointlike singularities can be avoided by a 
generic hypersurface. Toric 4-fold hypersurfaces, on the 
other hand, may have terminal singularities that cannot 
be avoided, so that many 5-dimensional reflexive poly- 
topes cannot be used for the construction of smooth CY 
hypersurfaces. For complete intersections the situation 
is analogous: 3-folds are generically smooth because the 
codimension dim A — 3 of the Calabi-Yau is always larg- 
er than the dimension dim A — 4 of the singular locus of 
Xn. 

If we now consider a fixed polytope A C R 4 without 
specification of the lattice then reflexivity, i.e. integral- 
ity of the vertices of A and of A°, imply that N is a 
sublattice of the dual of the lattice My generated by 
the vertices of A and that N contains the lattice Ny 
generated by the vertices of A° 

N v C N C My. (36) 

A refinement of the N lattice amounts to a geometrical 
quotient by a group action G, which we call toric because 
it acts diagonally on the homogeneous coordinates. Such 
a refinement always entails additional quotient singular- 
ities in the ambient space and no contributions to its 
fundamental group [1]. If, however, a Calabi-Yau does 
not intersect the singular locus of that quotient then the 
group acts freely on that variety and contributes to 
This is the case if the refinement of the lattice does not 
lead to additional lattice points of A° (more precisely, 
lattice points of codimension one can be ignored because, 
according to eq. (33), the corresponding divisors do not 
intersect the hypersurface). 
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For a given pair of reflexive polytopes there is only a 
finite number of lattices N that obey (36) and hence on- 
ly a finite number of possible toric free quotients. In [47] 
we have shown that the fundamental group of a toric 
CY hypersurface is isomorphic to the lattice quotient of 
the iV-lattice divided by its sublattice N 1 - 3 ^ generated 
by the lattice points on 3-faces of E. All fundamental 
groups of toric hypersurfaces thus come from toric quo- 
tients and are abelian, so that 7Tl is isomorphic to the 
torsion in H 2 . We also found a combinatorial formula for 
the Brauer group B, which is the torsion the third co- 
homology H 3 , in terms of the sublattice N^ generated 
by lattice points on 2-faces of E. Here, however, B x B 
must be a subgroup of N/N&. 

Various dualities imply that the complete torsion in 
the cohomology group is determined in terms of tt\ and B 
and we conjectured, based on some -ftT-theory arguments, 
that these groups are exchanged with the duals of the 
other under mirror duality [47]. This conjecture could 
be verified for all toric hypersurfaces by explicit calcula- 
tion. Two well-known examples are the free Z5 quotient 
of the quintic and the free Z3 quotient of the CY hyper- 
surface in P 2 x P 2 . For the complete list of 473 800 776 
reflexive polytopes one finds 14 more examples of toric 
free quotients [42]: The elliptically fibered Z3 quotient 
of the degree 9 surface in P11133, whose group action 
on the homogeneous coordinates is given by the phases 
(1, 2, 1, 2, 0)/3, and 13 elliptic K3 fibrations where the 
lattice quotient has index 2. The 16 non-trivial Brauer 
groups showed up, as expected, exactly for the 16 poly- 
topes that are polar to the ones that lead to a non-trivial 
fundamental group. For complete intersections it is pos- 
sible to have both a non-trivial fundamental group and a 
non-trivial Brauer group at the same time and our con- 
jecture was verified for a codimension-2 Calabi-Yau for 
which both groups are Z3 x Z3 [48]. 

3.2 Fibrations 

For general K3 surfaces and Calabi-Yau 3-folds there ex- 
ists a criterion by Oguiso for the existence of elliptic and 
K3 fibrations in terms of intersection numbers [18,49]. In 
the toric context the data of a given reflexive polytope 
A° C has to be supplemented by a triangulation of 
the fan, as discussed above, and the fibration properties 
like intersections depend on the chosen triangulation. 

Computation of all intersection numbers for all tri- 
angulations is computationally quite expensive, but for 
toric Calabi-Yau spaces there is, fortunately, a more di- 
rect way to search for fibrations that manifest themselves 
in the geometry of the polytope and to single out the ap- 



propriate triangulations [12-15,41]. These fibrations de- 
scend from toric morphisms of the ambient space [3,4], 
which correspond to a map cf) : E — > Eh of fans in TV and 
Nb, respectively, where : TV — » 7Vb is a lattice homo- 
morphism such that for each cone a G E there is a cone 
ab G Eb that contains the image of a. The lattice Nf for 
the fiber is the kernel of <j> in N. 




Fig. 5: CY fibration from reflexive sections of A° C Nr. 

If we are interested in fibrations whose fibers are 
Calabi-Yau varieties of lower dimension then the restric- 
tion of the defining equations to the fan E/ in Nf needs 
to satisfy Batyrev's criterion. We hence require that the 
intersection = A° n Nf is reflexive, like the intersec- 
tion with the horizontal plane in figure 5. The search for 
toric fibrations hence amounts to a search for reflexive 
sections of A° with appropriate dimension (or, equiva- 
lent^, for reflexive projections in the M-lattice, which 
was used in a search for K3 fibrations in [12]). In order 
to guarantee the existence of the projection we choose a 
triangulation of Ay and then extend it to a triangulation 
of A° (this may not always be possible if the codimen- 
sion is larger that 1, as was pointed out and analyzed by 
Rohsiepe [15]). For each such choice we can interpret the 
homogeneous coordinates that correspond to rays in 
as coordinates of the fiber and the others as parameters 
of the equations and hence as moduli of the fiber space. 

For hypersurfaces the geometry of the resulting fi- 
bration has been worked out in detail in [14]. Even in 
the case of complete intersetions reflexivity of the fiber 
polytope Aj ensures that the fiber also is a complete 
intersection Calabi-Yau because a nef partition of A 
automatically induces a nef partition of A^ [10]. The 
codimension Tf of the fiber generically coincides with the 
codimension r of the fibered space but for r > 1 it may 
happen that E^ does not intersect one (or more) of the 
Aj of the nef partition, in which case the codimension 
decreases [10]. In [10] we performed an extensive search 
for K3-fibrations in complete intersections which, due 
to modular properties, could be used for all-genus cal- 
culations of topological string amplitudes. In this search 
we also encountered an example where the fibration does 



10 



TORIC GEOMETRY A XD C A LABI-YAU COMPACTIFIC ATIONS 



not extend to a morphism of the ambient spaces because 
some exceptional points do not intersect the Calabi-Yau. 
Even in that example, however, the K3 fiber is realized 
by a fan on a sublattice. 

4. Work in progress and open problems 

For toric Calabi-Yau hypersurfaces in 3 dimensions the 
enumeration and the computation of the integral coho- 
mology has been completed, but for the case of com- 
plete intersections only the surface habe been scratched 
[10,50]. While the number of reflexive polytopes in 5 di- 
mensions, which would be relevant for 4-folds as used 
in F-theory, is simply to large (maybe something like 
10 18 ) there is some hope that a classification of complete 
intersection 3-folds may be feasable, at least for small 
codimensions, via an enumeration of reflexive Gorenstein 
cones [51,52]. On the theoretical side it would be impor- 
tant to find a better formula for the Hodge data that 
allows a direct interpretation of the Picard number in 
terms of toric divisors (for codimension r > 1 even divi- 
sors that correspond to vertices of V may not intersect 
the Calabi-Yau [10]). A related issue is the search for a 
combinatorial formula for torsion in cohomology, which 
would also be very useful for model building. 




Fig. 6: Deformed conifold Hodge data (circles) and toric 
CY hypersurfaces (dots) with h\\ + h\2 < 46. 



Inspite of the fact that the toric construction yield 
by far the largest class of known Calabi-Yau spaces, it 
is unclear how generic these spaces are and it is not even 
known whether the total number of topological types is 
finite [53]. A first step beyond the toric realm along the 
lines of [54] has been taken recently when we studied 
conifold transition to non-toric Calabi-Yau spaces [22]. 
As shown in figure 6 this construction, which still us- 
es toric tools, yields a surprisingly rich class of new 
Calabi-Yau spaces with small Picard number /in. The 
realm with small hn + ft^i, on the other hand, seems to 



be poppulated by varieties with non-trivial fundamental 
group [55]. Systematic studies of free quotients, however, 
so far have only been performed in special cases. 
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